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Abstract.
The purpose of the present paper, is to investigate and study some new subclasses of p-valent
starlike, convex, close-to-convex, and quasi-convex functions associated with Catas operator in the
open unit disk U = {z € ¢: |z| < 1}.
Inclusion relations are established, defined the integral operator of functions in these subclasses and
some properties of them are discussed.
Also defined combining operation between Catas operator with Libera integral operator for these
subclasses in U, also we use some Lammas and identities of operators to get and proof main results

of these subclasses.
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1. Introduction:

Let A(p) denote the class of functions of the form

f(2) = 2P + X7 Qpypz™*P (peN={123..}) (1.1)
which are analytic and p-valent in the open unit disc U = {z:z € C and |z| < 1}.
Also the Hadamard product or (convolution) of two functions

fi(2) = z° + X3 angp 2P (G =1,2),

given by
(f1*f2)(2) = zP + Z;o:l An+pa an+p,22n+p (1-2)
= (f2 * f1)(2).
A function f(z) € A(p) is called p-valent starlike of order « if
e(%g))>a O0<a<pzel) (1.3)

We denote by S, («) the class of all p-valent starlike functions of order a.
We note that S;(0) = S, the class of p-valent starlike functions in U.
A function f(z) € A(p) is called p-valent convex function of order « if

f”
Re (1 + Zf,(g)) >a (0<a<p,zel) (1.4)
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We denote by C, (@) the class of all p-valent convex functions of order a. We note that €, (0) = C,

, the class of p-valent convex functions in U.
It follows from (1.3) and (1.4) that

f@ec@iff L2esi@  ©<a<p) (L5)

The classes S, and C,, were introduced by Deniz [2]. Furthermore, a function f(z) € A(p) is said
to be p-valent close-to-convex function of order £ and type y if there exists a function g(z) € S, (y)
such that

'(z)

We denote this class by k, (5,v). The class k,, (5, y) was studied by Aouf [3].
A function f(z) € A(p) is called quasi-convex of order S type y, if there exist a function
g(z) € C,(y) such that

"@)r
Re (%) >pB, (0<B,y<pzel) 1.7)

We denote this class kj(B,y). Clearly

f(2) €kp(B,y) = € kp(B,7)

let f(z) € A(p). Forp € N, §,Aand £ > 0. Catas [1], defined the multiplier transformations I, (6, 4, )
on A(p) by the following infinite series:

I(8,4,0)f(2) = 27 + B, |
It is easily verified from (1.8)
p(1-)+¢

z(1,(8,1,) f(z))' = (B9 1,6 + 1,4, O)f (2) - [ ) ]Ip(& 1,0f(2) (1.9)
Also if f(z) is given by (1.1), then we have

zf'(2)
p

p+An+e
p+f

)
] Apypz™*P. (1.8)

L8, 4 0)f(2) = (f * 93 1.0)(@), (1.10)
where
)
hae(2) = 27 + Yooy [P 2mew (1.11)

Using the operator I, (8, 4, £) f (z) is given by (1.10), we introduce the following subclasses
of p-valent function:

Sy, 8,0,8) ={f(2) € A():1,(6,1,0)f (2) € S;(¥)}
C,(v,8,48) ={f(2) € A(p): 1,(6, 1, )f (2) € C,(¥)}

kp(B,v,6,4,€) = {f(2) € AP): 1,(8, 4, O)f (2) € kp(B, 1)}

ky(B,v,8,2,4) = {f(2) € A(p): 1,(6,4,£)f (2) € ky(B, 1)}
2. Inclusion Relation
We need some lemmas to prove our results.
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Lemma 2.1 [4]. Let w(z) be regular in the unit disk U, with w(0) = 0. If [w(2)|
attains its maximum value on the circle |z| = r at a point z, € U, we can write
zow'(zy) = kw(z,), where k isreal and k > 1.
Lemma 2.2 [5]. Let ¢(u, v) be a complex function, ¢:D - C, D < C % C, and
let u = uy + iu,, v = v + iv,. Suppose that ¢ satisfies the following conditions:

i. @(u,v) is continuous in D.

ii.(1,0) € D and Re[¢(1,0)] > 0.

iii. Re{p(iuy,v1)} < 0 forall (iuy, v;) € D such that v; < —%(1 + uy?).

Let h(z) = 1+ ¢,z + c,z? + -+ be analytic in U, such that (h(z), zh(z)) € D for all

z € U. If Re{p(h(2),zh'(2))} > 0, (z € U) then Re h(z) > 0 forz € U.
Theorem 2.3. S;(v, 8 + 1,1, ¢) € S, (v, 6, A, £) for any complex number 6.

Proof:
Let f(z) € Sp(v,6 + 1,4, %), and set
2(1p(8ADF(2)) _ B
Leanre Y +(@-v)h(2),0<y<pZelU

where h(z) = 1+ ¢,z + c,z% + --- with h(0) = 1,h(z) # 0, forall z € U. From
(1.9), we can write

LG+LA0f@) _ A [db@A0r@)  pa-n+e
LGAOf(Z)  p+t| (EADf(2) )
LG+LADf@) _ A _ p(1-A)+£
,ADf(Z)  p+e [y + P -1h)+ 1 ]
By logarithmically differentiating both sides of the equation (2.2) and multiplying
by z, we have
Z(Ip(5+1,l,£’)f(z))l _ (p-y)zh'(2)
Ip(8+1,1,8)f () v=0@-1h+ [(p—y)h(z)+y—p+%(p+£’)]
Taking h(z) = u = uy + iu, and zh'(z) = v = v; + iv, we define the function
¢ (u,v) by

(p-y)v
p-u+(BEt-p)+y

pw,v) =@-yu+

this implies
. : . : (BEp)+y
i. @(u,v)iscontinuousinD = C — A)/T X C.
ii. (1,0) € D and Re{¢(1,0)} > 0.

To verity the condition (iii), we calculate as follows:

. (P -1V
Re{p(iuz,v1)} =R
R i (p—y)iuz+(pTH— )"‘Y
(= vIvs [(p,lj -r+ )/) —i(p - )/)uz]
= Re 5

(p—y)2u§+(pTH—p+V)

Vol 6, No.2, Jun - Dec. 2024 | OPEN ACCESS - Creative Commons CC [ EFI] O

(2.1)

(2.2)

(2.3)

(2.4)

403



Ay ‘a pa ddaa
B Surman Journal for Science and Technology “Volé ﬁ?xzujuf_ D.ec 2024

sjst.scst.edu.ly ISSN: Online (2790-5721) - Print (2790-5713) Pages: 401 ~ 410

— Re (p—)/)(pT”—pw)v:i(p—y)zzvluz (2.5)
-2ud+(E-p+y)
+ ¢
(p—V)(pT—pﬂ/)vl
+ ¢
p-n2ui+(E=-p+y)
+ £
~p-N(EE-p+y) 0 +ud)
a + ¢ 2
2[(p—y)2u§+(p7—p+y) l
for all (iu,, v;) € D such that v; < _71 (1 + u2). Hence, the function ¢ (u, v) satisfies

the conditions of Lemma 2.2. This shows that if Re{e@(h(z),zh'(z)} > 0,z € U, then
Re(h(z)) >0, (z€ V) (2.6)

z(1,(8,4,0)f (2))"\ _
e( LG ADD) ) = Re(y) + Re(p —y)R h(2)

. (z(lp(&/l, f)f(z))’) S
1,6, 2, O)f (2)
So, f(z) € S;(y, 6,4, %)

hence S;(y,6 + 1,4, 0)f(2) € S;(y,6,4,0)f (2)" 2.7)
Theorem 2.4. C,(y,0 + 1,4, %) c C,(y, 6, 4, £), for any complex number §.
Proof:

Consider the following
f@)eC,(y,6+1,48) & 1,6+ 1,48)f(2) € C,(y)

VA !/

= (LE+140f@) €5;0)

2f'(2)
p

2

<0,

o L5 + 1,/1,3)<
zf'(2)
p

) € Sp(¥)

=4

€S5(y,6+1,1,4)

o4 p(z) € S5, 8,1,€)

= L6410 (L2) e ;1) (28)

N 5(1(5, L Of(2) € Sy()

©1(6,40f () € C,(1)
© f(2) € C,(y,6,4,1)
The proof is completed.
Theorem 2.5 k,(B,y,8 + 1,4, ¢) € k,(B,v,6,4,£), for any complex number &.
Proof:
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Let f(z) € k,(B,v,6 + 1,4, ¢). Then, there exists a function k(z) € S;(y), such that

Re {Z(’p““"l‘m @) } S8 (zeU) 2.9)

9(2)
I,(6+1,4,0k(z) = g(z) and

(LG +1LA40Of@)
RV GrLioke (P #EU):

Now, put

z(1,(8,4,0)f (2))
L,(8,2,0)k(z)
where h(z) = 1+ ¢,z + ¢,z + -+ using the identity (1.9) we have

2(LE+1LADf@)  1,(6+1,1,0f(2)

1,(6 + 1,2, 0)k(2) 1,8 + 1,2, 0)k(z)

=B+{@—-P)h(z), 0<B<1zeU

2[1,(8,2,0GF D] +F1p(1 = D) + £1,(6,2,0)(f (2))
z[1,(8,2, f)k(z)]’ + % [p(1 = 2) + €11,(8,2, £)k(z)

(2.10)
2lly (8,4, Of @) | [P = 2) + €11, (8,4, ) (zf'(2))
T LG ADKE AL, (6, 4Dk
[, (8,4, D)k(@)] 1 '
LG40k TaPd-D+d
since k(z) € Sp(v,6 + 1,4, £) € S5(v, 6,4, 1), we let
2(1,(6,4,0k())
LOADD) - y+ @ —-v)H(2),
where Re H(z) > 0, (z € U) thus can be written as
- z(1L,6,4,0)(zf'(2)) ?
z (1,,(5 +1,4, #)f(z)) ~ ( p,p((g, 1 Dk(@) ) + [p I - p] [B+ (- Bh(2)]
(8 + 1,2, Ok(z) [y + (» —IH(2)] + [p,lj - p] |
(2.11)
consider that
2(1y(3,2,0f(2)) = 1,(8,2, Dk@DIB + (p ~ PR (2.12)

Differentiating (2.12), and multiplying by z, we have
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Z("’f:(ﬁjf{ff,f('j)@) = (p - Bz @) +[B + (p ~ Pr@Ily + (o ~ H@))],

(2.13)
using (2.13) and (2.11), we have
z(1,(6 + LA, 0)f(2)) (p — B)zh' (2)
=[B+ (- Bh(2)] +

(6 + 14 Dk() prim e [y + (0 —V)H(Z)] + (_p j{ - )

(2.14)

Taking h(z) = u and zh'(z) = v in (2.14), we define the function ¢(u, v) by

o(u,v p g (p=Bv
) = -_— 1‘ ) 2-15
( ) ( ) [y+(-v)H(@)]+ (pH’ P) ( )

this implies
i. ¢@(u,v)iscontinuousinD = C x C.
ii. (1,0) € D and Re{p(1,0)} > 0.
To verify condition (iii), we proceed as follows:

@ =By + (B = 1) + 0 =Dy - i - Phay)|

p(iug,vy) = )
[V + pT - p) + (@ -Vhi(x y)] [(0 = V)ha (x, y)]?

@ =By |y + (B =) + @ - DGy

Re p(iuy,vq) =
[y + (2= 0) + 0 - )] + 1@ - hG

(2.16)
Where H(z) = hy(x,y) + ih,(x,y), hi(x,y) and h,(x, y) being the functions of
xandyand Re H(z) = hy(x,y) > 0. Since v; < % (1 + u?), impties

~-pa+ud |y + (B -p) + 0 -G

Re (‘P(iuzﬂﬁ)) R
“y +(B=- p) + @ - y)] [(p = ¥)ha (x, y)]? l
<0 (2.17)
Hence, Reh(z) > 0 (z € U) and f(2) € k,(B,v,0,4,£)"
Theorem 2.6 k;(B,v,6 + 1,4, ¢) < ky(B,v,8,4,£) for any complex number 8.

Proof:
Consider the following:
f(2) €ky(B,v,0+1L,4,8) o ,(6+1,48)f(2) € ky(B,v)

zZ /
(=4 E(Ip((g + 1,/1,‘3)f(z)) € kp(ﬁ'y)

& L6 +1,4,0)(2f'(2) € ky(B,y)
> Zf;(z) € ky(B,7,6+1,1,8)
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> 2@y ek (8,y,6,1,2) (2.18)

D
& 1,(8,2,4) (#) € ky(B,v)

Z ’
= (I,(8,4,D)f(2)) € ky(B,¥)

& 1,(6,4,6)f (2) € kp(B,y)
= f(2) €Eky(B,y,6,4,1) =
3. Integral operator
For ¢ > 1 and (2) € A(p) , we recall here the generalized Bernardi-Libera- Livingston integral
operator L.f (z) as follows
c+p? .,
Lef (2) = —— 7 f (D)t

=27 + 50 (258 ) @™ (3.1)

c+p+n
The operator L.(f(z)) when c € N = {1,2,3, ... } was studied by Bernardi [6], forc = 1, L;(f(2)) was
investigated earlier by Libera [7]. Now, we have

(84D Lf () = 27 + Bty () () anyp2™ (32)

p+t c+p+n

so, we get the identity

(LGAD(LSD)) = (B LG +1L00f@ — (B2 -p) LG ADLA @D (33)

The following theorems deal with the generalized Bernardi-Libera- Livingston integral operator
L.(f (2)) defined by (3.1).
Theorem 3.1
Letc > -y, 0<y <p.Iff(2) €S5(y,6 + 1,4, %), then L f(2) € S;(y,6 + 1,4, %)
Proof:
From (3.3), we have

z (Ip(& AL f (z))' @+ DLE+LAOf(@) (p +4 )

L6 ADLSf(z2) —  AL,(5A0Lf(2) A
_1+(@-2y)w(2)
= Tiw (3.4)
Then w(z) is analytic in U, w(0) = 0. Using (3.3) and (3.4) we get
Ly(6+1A0)f(z2) _ (A+p+£—pA)+(A—-21y—p—L+pD)w(2) (3.5)
Ip(8AOLS () @+ (1-w(2)) '
Differentiating (3.5), we get
Z(Ip(6+1./1.f)f(2)) _1+@-2w(2) | zw!(2) (A=2y—p—£+pA)zwI(2) 36
LADLSf(Z) —  1-w(2) 1-w(z)  (A+p+f—pA)+(A—-22y—p—L+p)w(z) (3.6)

Suppose that for z, € U, max|w(z)| = |w(z)| = 1. Then by Lemma 2.1, we have
zow'(29) = kw( zy), k = 1. Putting z = z, and w( z,) = e in (3.6), we obtain
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Iy(6+1,4Df(2) 1—etf A+p+L—pA)+(A—22y—p—L+pA)ei®
—k[A+p+£—pA)2— (A —21y —p—£+pr)?]
2(/1+p +€—pA)2+40(A -2y —p—L+pA)cosO +2(A -2y —p— L +pl)? —
Which contradicts the hypothesis that f(z) € S;(y,6 + 1,4, £). Hence, |w(z)| < 1, for z € U, and it
follows (3.4), that L.f(z) € Sp(v,6 + 1,4, 7).
Theorem 3.2
Letc > -y, 0<y <p.Iff(2) €EC,(y,6 + 1,1, ¢), then L. f(z) € C,(y,6 + 1,4, ¢)
Proof:

{ZO(,,,@H,A,of(z)) —y}=Re L

<0

f(2EC,¥,d+1L,40) &

pr(z) €Si(r, 8 +1,40)

oL (L ;(Z)) €S5(y,6+1,1,4)
& g(LC f(2) €S;(y,6+1,1,0) (3.8)
© Lef(2) EC(v, 6 +1L,A4,0)
Theorem 3.3
Letc > —y,0<y <p.Iff(z) €k,(B,v,6 +1,4,¢), then
L.f(2) € ky(B,v,0 +1,4,%)
Proof: let f(z) € k,(B,v,6 + 1,£). Then by definition, there exists a function g(z) € S;(y,6 + 1,4, %)
such that

(U (SADf (@)1
ke {Z 1:(6,/1,e)g(§) } > B (z€). (3.9)
Then
1,8 AL ()
Z(IZ(s,A,e)lcg(zZ)) —B=®-Fh) (3.10)

where h(z) = ¢,z + ¢;z% + ---. From (3.3) and (3.10), we have
2(I,(6 + LADF(@)  1,(6+ 1,40 (zf (2)
L,(5+ 1,4, {’)g(z) LG+ 1,299(2)

z(1 (8,1, D)L (zf' (z))) + [p(1—2) + O)11,(6,4, &)L (zf'(2))
z(1,(8,2, OL.g(2)) + [p(1—2) + £11,(8,4,£)L.g(z)

z(Ip(8A)Lc(zf’ (z))) L [p(=)+)Ip (5,40 Lc(2f (2))

_ Ip(6A0)Lc(g(2) Alp(8,A,6)Lc(9(2)) (3.11)
z(lp(au)ch(z)) '
Iy GADLG(@) ! AP (-2)+£)]
since g(z) € Sy(y,6 + 1,4,¢), then form Theorem 3.1 we have
Lc(g(2) € Sp(v, 6+ 1,4, ). Let
OO _ ) y)H() +y 612

Ip (6’2"'3) ng (Z)
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Where Re H(z) > 0. Using (3.11), we have
’ Z(Ip(&l,{’)Lc(zf’(z))), 1

Z(Ip(6+1,ﬂ,€)f(Z)) I (8,2,9)Lc(g(2) +1[P(1—A)+f)] (B+(p—B))h(Z)
=—2L : (3.13)
L,(6+1,4,0)g(2) (P-NH@+y++3[p(1-D)+0)]
Also, (3.10) can be written as
2(1,(8, 4, O)Lcf () = 1,(8,4,D)L(9(2))[B + (p — BIA(2)] (3.14)

Differentiating both sides, we have
z[z(Ip(8, 4, O)Lcf(2)']

= 2(1,(8,4,0)Lcg@) [8+ (p — @] + (p — B2k (D)1,(8,2, £)Lcg ()

(3.15)
or
2|2(1,(8.A.0)Lcf (2))'] _ 2(2(1p(8 A0 Le(zf (2))) )1 a1
I, ADLg(Z) I, (8A,8)Lcg(2) (3.16)
=(p+ B)zh'(z) + [B + (p — BRIy + (p —Y)H(2)].
Now, from (3.13) we have
2(p6+1ADf @) (p-B)zh! (2)
I,(6+1,4,6)g(2) p=@®-Fhz)+ (- H@+y +2p(1-D)+¢] (3.17)
Taking h(z) = u and zh'(z) = v, we define the function ¢ (u, v) by
puv) = (p - Pu+ L (3.18)

(P—V)H(2)+y+5[p(1-21)+£]
It is easy to see that the function ¢ (u, v) satisfies the conditions (i) and (ii) of Lemma 2.2in D = C X C.
To verify the condition (iii), proceed as follows:

=By +@-1) () +3((1-1)+0)|

2
[(p—y)hl(x.y)+y+%[[p(1—/1]+£’]] +H(P-1)h2 ()12
where H(Z) = hy(x,y) + ih,(x,y),hy(x,¥) and h,(x,y) being the functions of x and y and
Re H(z) = hy(x,y) > 0.

By putting v; < _71 (1 + u3), we obtain

Re ¢(iuy, v;) = (3.19)

~(p-B)(1+u)?| =P ) +y +3(p (1= +2)

2| [Py -2 +0] +H -]
Hence, Re h(z) > 0,(z € U) and L.f(z) € k,(B,7,6 + 1,14, ¢).
Thus, we have Lcf (2) € k,(B,7,6 + 1,4, €)=
Theorem 3.4 Letc > —y,0<y <p.If f(2) € k;(B,y,6 + 1,4, ¢), then
L.f(z) € ky(B,v,6 + 1,4, %)

Re (iu,,v;) <

(3.20)

Proof:
Consider the following:
f(2) €Eky(Bv, 6 +1,A4,¢) © zf'(2) € kp,(B, 7,6 + 1,1, %)
= L.(zf'(2) € ky(B,y,6 + 1,4, 1)
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& 2(Lf(2)) € ky(B,y,6 +1,2,0)
& Lf(2) €k5(By, 8 +1,4,8) =

4.Conclusion.

In this paper we investigate and proofed all properties of Catas operator with some classes of analytic
functions in U.

Properties of combining Catas operator with integral operator also studied and proofed for these
classes.
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