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Abstract

The Drazin inverse of a matrix A is a matrix APthat satisfies the condition APA AP = AP, AAD =
APA, and A¥*1 AP= A¥. In general, Drazin inverses are exist and unique where A is singular or even

rectangular, while if A is non-singular square matrix, then AP reduces to the usual inverse of A and
denoted by A™1.
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Introduction

Let A be complex square matrix. The Drazin inverse [1,5] of Ais the unique matrix
APsatisfies the following conditions: A A AP = AP, AAP = APA, Ak+1 AD= Ak,

where Ind(A) = k is called the index of A, it is the smallest non-negative such that rank (A*)
=rank (A**1). We know that AP always exists and A? = A~ for Ind(A) =0 Properties
the Drazin inverse can be found in [1,5].

In 1979, Campbell and Meyer[5] proposed an open problem to find an explicit

[A3 A4]W1th A; and

Agsquare in terms of A4, A,, Azand A,. But because of the difficulty of this problem,
until now it has not been solved yet even for the case A, = 0. There are many
representations for the Drazin inverse of special 2 X 2 partitioned matrix but under
special conditions, some of them can be found in [4]. For example, in 2010, Bu and

A,
A4] under the

representation for the Drazin inverse of partitioned matrix

. . . A
Zhang [4] gave explicit representation for the Drazin inverse of [ A1
3

conditions A;A,A3; = 0 and either A4,A; = 0 or A,A, = 0.

In this article, we give the representation of the Drazin inverse for [ 0 A ] with A; and A;
4

square and singular under the conditions that rank(A, )= rank(43)=1, Trac(4;) # 0 and
Trac(43) # 0, and some corollaries, and then we give the representation of the Drazin

inverse for ] with A; is square and non-singular under the conditions

4 @
rank(4;)= rank([lél3 ]) nd [ ] ]Al I Q] where P = A;A7! and Q =
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A7'A,. Also, we give the the representation of the Drazin inverse for [ﬁl ﬁz] with
3 Ay
: .. A A
A; square and singular under the conditions that rank(4,)= rank([ Al Az])=1,
3 Ag
A, A,
Trace([A3 A4]) * 0.

Throughout this paper, C"**™ is the set of n X n complex matrices. The identity matrix of C™*"
is denoted by I or I,,. The trace of a matrix A is denoted by Tr (A4). The conjugate
transpose of A is denoted by A™.

Definition: Let A € C™*", with Ind(A) =k, then the Drazin inverse of A is defined to be the
unique matrix AP such that

AP AAP = AP
AAP = APA, and
Ak+1 AD: Ak.
Theorem 1.[4] Let A € C™". if AP € C™™ exists, then it is unique.

Proof. Suppose X and y are both Drazin inverse of A. then

X =XAX =XAXAX=...... =X (AX)k = Akxk+1
= AR(YA)XKHL = | = AK(YA)k+1xk+1
— Yk+1A2k+1Xk+1
= YKHIAK (XA)KF1 = . = YK+1AK (XA)
=yk+H1Ak = (yA)ky= ... =YAYAY =YAY =Y.

1
[Tr(A)]?

Theorem?2. [5] If A € C™*", is such that rank(A) = 1, then AP =
and AP= 0 when Tr(4) = 0.

A when Tr(4) # 0

Example: If A = [_11 _11] € €2, rank(A) = 1, and TH(A) = 1+1=2 # 0, then AP =
L 7
11

Lemma. If A € C"™™, is such that rank(A) = 1 and AP =

&R

1

A where Tr(4) # 0, then

[Tr(A)]?
AAP — K=1, where
—(Tr(4)-a1) iz Ain

Tr(A) Tr(A) Tr(A)

az1 —(Tr(A)—azz) _Gan_
K=" 7@ — - Ty | €CVT
ani - lbl,nz —(TT(A)—ann)
Tr(A4) Tr(A4) Tr(A4)
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Proof. Let
all alz nen aln
A=|%1 Q22 . d2p
e o e nen b
n1 Qpz o Qg

Such that rank(A) = 1 and Tr(A)# 0, where Tr(A)=a;140224...+ Ann.

D _ 1

= ey
AAP
—(Tr(A) — aq1) ai Qin 1
Tr(4)]? Tr(4)]? Tr(A)]?
ay; Qip o Qin [Tr(A)] [Tr(A)] [ cg )]
az1 —(Tr(A) — ayz) __n
— a21 a22 “ew a2n ] T (A) 2
[Tr(A)]Z [Tr(A)]Z [ 7‘ ]
a a e a
ni nz nn anl anz _(TT(A) - aTLT’L)
[Tr(A)]? [Tr(A)]? [Tr(A)]* |
[ Z?=1a1jaj1 E?:laljajz E?:laljajn_
[Tr(A)]? [Tr(A)]? [Tr(A)]?
B Yioqazjaj Yioqazjaj; Yio1azjajn
| ()2 [Tr(A)]? [Tr(A)]?
Y1 anjaj Yj=1anjajz Yj=1anjajn
L [Tr(4)]? [Tr(A)]? [Tr(4)]?
AAP — K=
7Z?=1a1jaj1+(TT(A))z_ ?=1a11ajj Z?=1a1jajz—2?=1a1zajj Z;'l=1a1jajn_zz'l=1a1najj
[Tr(A)]? [Tr(A)]? [Tr(A)]?
2i=102jA1 — Xj=q1 Ar1 0 2j=102jQ, + (Tr(A))* - 1 Q110 Yj=102j%n — Lj=1 Qanj
[Tr(A)]? [Tr(A)]? [Tr(A)]?
Di=10nj@j1 — Y=y Onjaj; =18z — Xioi Ao @ Z}l=1 anj“jn"‘(T?”(A))z— ;‘lzlannajj
[Tr(A)]? [Tr(A)]? [Tr(A)]?
1 0 0
SRR E
0 0 1
1 2 3
Example: LetA=|2 4 6|.
1 2 3
11 3
1 2 3 8 4 8
Tr(A) = 1+4+3 =38 AD:i[Z 4 6|l aar=|2 1 3
> 82 ’ 4 2 4]’
123 113
8 4 8
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11 3y =2 23
8 4 8 8 8 8 100

p_go|t L 3| _[2 =% ¢

AA—K—424888[010
113z s 0000l
8 4 8 888

Theorem3. [5] If A € C™*™, is such that Ind(A) = k > 0, then there exists a non-singular
matrix p such that
_[C 0], -1
ply wlP

Where C is non-singular, and N is nilpotent of index k.

Furthermore, if P, C and N are any matrices satisfying the above conditions, then
p_[Ct 0],.-1
=p[%, ol

Example: LetAZ[g _03] , Ind(4) =1
1 1
o PR A STl O B

=B g i - [ "l

Theorem4. [2] If A € C"™*™, then there exists B € C™*", C € C"*" such that A=BC and r
= rank(A) = rank(B) = rank(C), then

AP = (BC)? =c*(CC*)"1(B*B)"1B*.
Lemma if A;, A,, A;, and A, are matrices such that A; is square and non-singular and rank

(A1) = rank([A AJ) then

A4_ = A3A1_1A2.

Furthermore, if P = A;A4; " and Q = A; A, then
Ay Az I
[A3 A4] B [p] Al Q]

Cnxn

Theorem5. [3] Let H = [ A, A4]

Be an EP matrix where A;, A,, Az and A, are matrices such that A; is square and non-
singular and rank(A;) = rank(H), A, = A3 A7*A, . If P and Q are any matrices such
that.
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Aq Az] _ [1

a ol a

Then

[ﬁ; jﬂD: [QI] (I+P*P1A; [1+QQ* DI P7]

Proof: Let A, € C"", B= [I;)’] A,, C=[I, Q]

Note that rank(B) = rank(C) = rank(A1) = rank(H) = n = number of columns of B = number of
rows of C. Thus we can apply Theorem4 to get

HP = (BC)P = C*(CC*)~1(B*B)~1B".
Since
(B*B)™1B* = [4;(I + P*P)A,] *A3[I P*]
=AT*(I+P*P)"[I P71,
And

c*(ccH)t = [QI] (I +QQ)H™,

Then HP is obtained.

-1 0 0 0
, _|o -1 -1 of_[4 Az] 4xa -
Example: Let H = 0 -1 -1 o]l |4, a, eC be an EP matrix, where
0 0
0 0

A1=[_01 —01]'A2=[—1 0]"43:[8 _01]'A4= _01 8]'

Note that A, 1s square and non-singular, and rank (4;) = rank(H) = 2. we see that
A, = A3 ATA, , where A7l = A,
0 0]

L0 1 ]
Ptsait=[y o Q= ava =[]

1 0
A TR
0 0

1 0
_ -1
=15 1 (o ol 2llo 2D lo 77 ol
0 0
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1 0
_10 1[—1 OH1 000]
0 1/lo ollo 1 1 0
0 0
10 00
o 0o o0 o0
0 0 0 0
0 0 0 0
Theorem6. [2] Let H= fll ﬁz] € C™"
3 4

Where A; is square and singular whit rank (4,) =rank(H) =1, Tr(H) # 0, then

1

D:—
[TT(A1)+TT'(A4)]2
Example. Let
2 -2 0 2
-2 2 o0 2|_[4& Az] 4x4
H=117 4 0 2|74, a,/€C
-4 4 0 4
WweEre
12 -2 _02 71 -1 0 -1
w=[% A w=) Da=[ 0 a3

Note that A, is square and singular, and rank (A4,) = rank(H) =1, Tr(H)=2+2+4 = 8+ 0, then

D:

1

[Tr(A1)+Tr(A4)]?
2 -2 0 2
__1 -2 2 0o 2
[4+412 | 1 -1 0 -1
—4 4 0 4
2 -2 0 2
1 (=2 2 0o 2
64 | 1 -1 0 -1|-
—4 4 0 4
Theorem?7. [2] Let B € C"™*" is B = [0 4 ] Where
3
a1 Qg2 An biy by bin
Ay =|[%21 Gz on | As= by1 Dy bzn ,
an1 an2 Ann bn1 bnz bnn

are square and singular with rank (4,) = rank (43) =

=1, andInd (A3) =1, , then

1, Tr (A)# 0 and Tr (A3)#0, Ind (A,)
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BD:IA? Yl

0 AP

WwCEre
D_ D_
A ))ZAl’ A5= <Tr<A 7 A3

Y=(AD)?[Z,[(AD)1 4,45 ]| (—Ky) + (=K [T o[ALA,(AD)E]](AR)? — AP A, AR =
(AD?[Z2 7 [(ADY AL 48] (—Kp) + (= Kl)[z’l o TALA, (AD) ]| (43)? — AR A, AR

Were
—(Tr(A1)-aq1) aip a1n
Tr(A,) Tr(A;) Tr(A1)
. azy —(Tr(A;)—azz) _8n
Kq= Tr(Ay) Tr(Ay) Tr(Aq) , and
Tr(A,) Tr(A,) Tr(A)
—(Tr(Asz)—as1) aip a1n ]
Tr(Asz) Tr(Az) Tr(A3)
_ _aa1 (Tr(As)-az) 2zn |
Ky= Tr(As) Tr(As) Tr(As)
dn1 ai —(TF(A3) ann)l
Tr(As) Tr(As) Tr(Az) J

A; O
Corollaryl. LetB e C™" isB= [ A3 A ], Where A, A; are singular square with
2
rank(A;) =rank(A3z) =1, Tr(A;) #0 and Tr(A3)#0, Ind(A;)=1; and Ind(A3)=1,

, then
|3 0|
y A?

Corollary2. Let B; € C™™ Where A, is singular square

A, A, A 0] [0 0] 0 Az]
Bl=[o 0],132= A, o'Bs=|a, a'Be=]0 A,
Then
AD vy AD 0 0 0 0 Y,
=[5 famf o[l Y-
1710 o Y, 0’2 |y AY["7* T [0 AP
Were
pD___ 1 _ 1 2 _ 1 2
A1 [Tr(A))]? A, Y= ([Tr<A1)14 Al) Az Y2= Az ([Tr(A1)14 Al)’
_ (1 a2 _ 142
V3= ([Tr(Al)]“ Al) Az, Yo= Az ([Tr(AI)]‘* Al)'
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Corollary3. LetB € C™", isB = [21 ‘%2], Where A;is singular and square with rank
3
(A;) =rank (B) =1, Tr (A;) # 0 then

D_ 1
[Tr(Ap)]? B.

CONCLUDING REMARKES

It is our hope that this paper will be useful for further study of the Drazin inverse and its
applications. For example. will be useful for further study of solving a class of second-order
singular differential equations.
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