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Abstract     

The Drazin inverse of a matrix A is a matrix ADthat satisfies the condition A𝐷A A𝐷 = A𝐷 , AAD =

 A𝐷A,   and A𝑘+1 A𝐷= A𝑘. In general, Drazin inverses are exist and unique where A is singular or even 

rectangular, while if A is non-singular square matrix, then AD reduces to the usual inverse of A and 
denoted by A−1. 
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Introduction 

           Let A be complex square matrix.  The Drazin inverse [1,5] of Ais the unique matrix 

A𝐷satisfies the following conditions: A𝐷  A A𝐷 = A𝐷 , AAD = A𝐷A,  A𝑘+1 A𝐷= A𝑘. 

where Ind(A) = k is called the index of A, it is the smallest non-negative such that rank (A𝑘) 

=rank  (A𝑘+1). We know that A𝐷 always exists and A𝐷 = A−1 for Ind(A) =0 Properties 

the Drazin inverse can be found in [1,5]. 

           In 1979,  Campbell and Meyer[5] proposed an open problem to find an explicit 

representation for the Drazin inverse of partitioned matrix [
𝐴1 𝐴2

𝐴3 𝐴4
]with 𝐴1 and 

𝐴4square in terms of 𝐴1, 𝐴2, 𝐴3and 𝐴4. But because of the difficulty of this problem, 

until now it has not been solved yet even for the case 𝐴4 = 0. There are many 

representations for the Drazin inverse of special 2 × 2 partitioned matrix but under 

special conditions, some of them can be found in [4]. For example, in 2010, Bu and 

Zhang [4]  gave explicit  representation for the Drazin inverse of  [
𝐴1 𝐴2

𝐴3 𝐴4
] under the 

conditions 𝐴1𝐴2𝐴3 = 0 and either 𝐴4𝐴3 = 0 or 𝐴2𝐴4 = 0.  

In this article, we give the representation of the Drazin inverse for  [
𝐴1 𝐴2

𝑂 𝐴4
] with 𝐴1 and 𝐴3 

square and singular under the conditions that rank(𝐴1)= rank(𝐴3)=1, Trac(𝐴1) ≠ 0 and 

Trac(𝐴3) ≠ 0, and some corollaries, and then we give the  representation of the Drazin 

inverse for  [
𝐴1 𝐴2

𝐴3 𝐴4
] with 𝐴1 is square and non-singular under the conditions 

rank(𝐴1)= rank([
𝐴1 𝐴2

𝐴3 𝐴4
]) and [

𝐴1 𝐴2

𝐴3 𝐴4
]= [

𝐼
𝑃
] 𝐴1[𝐼 𝑄] where 𝑃 = 𝐴3𝐴1

−1 and 𝑄 =
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𝐴1
−1𝐴2. Also, we give the  the  representation of the Drazin inverse for  [

𝐴1 𝐴2

𝐴3 𝐴4
] with 

𝐴1 square and singular under the conditions that rank(𝐴1)= rank([
𝐴1 𝐴2

𝐴3 𝐴4
])=1, 

Trace([
𝐴1 𝐴2

𝐴3 𝐴4
]) ≠ 0. 

Throughout this paper, ℂ𝑛×𝑛 is the set of 𝑛 × 𝑛 complex matrices. The identity matrix of ℂ𝑛×𝑛 

is denoted by 𝐼 or 𝐼𝑛. The trace of a matrix 𝐴 is denoted by Tr (𝐴). The conjugate 

transpose of 𝐴 is denoted by 𝐴∗. 

Definition:  Let A ∈ ℂ𝑛×𝑛, with Ind(A) = k, then the Drazin inverse of A is defined to be the 

unique matrix AD such that 

A𝐷 A A𝐷 = A𝐷 

AAD = A𝐷A, and 

A𝑘+1 A𝐷= A𝑘. 

Theorem 1.[4] Let A ∈ ℂnxn. if AD ∈ ℂnxn exists, then it is unique. 

Proof.    Suppose X and y are both Drazin inverse of A.  then 

X = XAX = XAXAX = ……=X(AX)k = A𝑘X𝑘+1 

   = Ak(YA)Xk+1 =……= Ak(YA)k+1Xk+1 

   = Yk+1A2k+1Xk+1  

      = Yk+1Ak  (XA)k+1 = ……=  Yk+1Ak  (XA) 

      =Yk+1Ak   = (YA)k  Y = ……=YAYAY = YAY = Y. 

Theorem2. [5] If A ∈ ℂ𝑛×𝑛, is such that rank(A) = 1, then A𝐷 = 
1

[𝑇𝑟(𝐴)]2
 A when Tr(A) ≠ 0 

and 𝐴𝐷= 0 when Tr(A) = 0. 

Example: If A = [
1 −1

−1 1
]  ∈ ℂ2×2,  rank(A) = 1, and Tr(A) = 1+1=2 ≠ 0, then  A𝐷 = 

1

4
 

[
1 −1

−1 1
] 

Lemma.   If A ∈ ℂ𝑛×𝑛, is such that rank(A) = 1 and AD = 
1

[Tr(A)]2
 A where Tr(A) ≠ 0, then  

AAD − 𝐾=I, where 

K = 

[
 
 
 
 
 
  

−(𝑇𝑟(𝐴)−𝑎11)

𝑇𝑟(𝐴)

𝑎12

𝑇𝑟(𝐴)

𝑎21

𝑇𝑟(𝐴)

−(𝑇𝑟(𝐴)−𝑎22)

𝑇𝑟(𝐴)

  

… …
𝑎𝑛1

𝑇𝑟(𝐴)
                

𝑎𝑛2

𝑇𝑟(𝐴)
  

…         
𝑎1𝑛

𝑇𝑟(𝐴)

…         
𝑎2𝑛

𝑇𝑟(𝐴)

      

… …

…  
−(𝑇𝑟(𝐴)−𝑎𝑛𝑛)

𝑇𝑟(𝐴) ]
 
 
 
 

  ∈ ℂ𝑛×𝑛. 
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Proof.  Let 

A = [

𝑎11 𝑎12

𝑎21 𝑎22… …
𝑎𝑛1 𝑎𝑛2

   

… 𝑎1𝑛

… 𝑎2𝑛… …
… 𝑎𝑛𝑛

] , 

Such that rank(A) = 1 and Tr(A)≠ 0,  where Tr(A)=𝑎11+𝑎22+⋯+𝑎𝑛𝑛. 

A𝐷 = 
1

(𝑇𝑟(𝐴))2
 A.   

𝐴𝐴𝐷

= [

𝑎11 𝑎12

𝑎21 𝑎22… …
𝑎𝑛1 𝑎𝑛2

   

… 𝑎1𝑛

… 𝑎2𝑛… …
… 𝑎𝑛𝑛

]

[
 
 
 
 
 
 
−(𝑇𝑟(𝐴) − 𝑎11)

[𝑇𝑟(𝐴)]2
𝑎12

[𝑇𝑟(𝐴)]2

𝑎21

[𝑇𝑟(𝐴)]2
−(𝑇𝑟(𝐴) − 𝑎22)

[𝑇𝑟(𝐴)]2

  

… …
𝑎𝑛1

[𝑇𝑟(𝐴)]2
           

𝑎𝑛2

[𝑇𝑟(𝐴)]2
 

…      
𝑎1𝑛

[𝑇𝑟(𝐴)]2

…       
𝑎2𝑛

[𝑇𝑟(𝐴)]2

   

… …

…  
−(𝑇𝑟(𝐴) − 𝑎𝑛𝑛)

[𝑇𝑟(𝐴)]2 ]
 
 
 
 
 
 

 

             = 

[
 
 
 
 
 

∑ 𝑎1𝑗𝑎𝑗1
𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
      

∑ 𝑎1𝑗𝑎𝑗2
𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

∑ 𝑎2𝑗𝑎𝑗1
𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
          

∑ 𝑎2𝑗𝑎𝑗2
𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

  

… …
    ∑ 𝑎𝑛𝑗𝑎𝑗1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
     

∑ 𝑎𝑛𝑗𝑎𝑗2
𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
  

   

…         
∑ 𝑎1𝑗𝑎𝑗𝑛

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

…         
∑ 𝑎2𝑗𝑎𝑗𝑛

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
…      …

…      
∑ 𝑎𝑛𝑗𝑎𝑗𝑛

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2 ]
 
 
 
 
 

 . 

 AA𝐷 − 𝐾= 

[
 
 
 
 
 
 
 
∑ 𝑎1𝑗𝑎𝑗1 + (𝑇𝑟(𝐴))2 − ∑ 𝑎11𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
 

∑ 𝑎1𝑗𝑎𝑗2 − ∑ 𝑎12𝑎𝑗𝑗
𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

∑ 𝑎2𝑗𝑎𝑗1 − ∑ 𝑎21𝑎𝑗𝑗
𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
∑ 𝑎2𝑗𝑎𝑗2 + (𝑇𝑟(𝐴))2 − ∑ 𝑎11𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

 

…                             …
    ∑ 𝑎𝑛𝑗𝑎𝑗1 − ∑ 𝑎𝑛𝑗𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
    

∑ 𝑎𝑛𝑗𝑎𝑗2 − ∑ 𝑎𝑛2𝑎𝑗𝑗
𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
  

…    
∑ 𝑎1𝑗𝑎𝑗𝑛 − ∑ 𝑎1𝑛𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2

…     
∑ 𝑎2𝑗𝑎𝑗𝑛 − ∑ 𝑎2𝑛𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2
… …

…  
∑ 𝑎𝑛𝑗𝑎𝑗𝑛 + (𝑇𝑟(𝐴))2 − ∑ 𝑎𝑛𝑛𝑎𝑗𝑗

𝑛
𝑗=1

𝑛
𝑗=1

[𝑇𝑟(𝐴)]2 ]
 
 
 
 
 
 
 

 

= [

1 0
0 1

⋯ 0
⋯ 0

⋮ ⋮
0 0

⋱ ⋮
⋯ 1

] =I. 

Example:  Let A = [
1 2 3
2 4 6
1 2 3

]. 

Tr(A) = 1+4+3 = 8,  AD =
1

82 [
1 2 3
2 4 6
1 2 3

],   A A𝐷= 

[
 
 
 
 
1

8

1

4

3

8
1

4

1

2

3

4
1

8

1

4

3

8]
 
 
 
 

 , 
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 A A𝐷 − 𝐾= 

[
 
 
 
 
1

8

1

4

3

8
1

4

1

2

3

4
1

8

1

4

3

8]
 
 
 
 

− 

[
 
 
 
 
−7

8

2

8

3

8
2

8

−4

8

6

8
1

8

2

8

−5

8 ]
 
 
 
 

 = [
1 0 0
0 1 0
0 0 1

]. 

Theorem3. [5] If A ∈ ℂ𝑛×𝑛,  is such that Ind(A)  = k > 0,  then there exists a non-singular 

matrix 𝑝 such that 

𝐴 = 𝑝 [
𝐶 0
0 𝑁

] p−1 

Where C is non-singular, and N is nilpotent of index k. 

Furthermore, if 𝑃, 𝐶 𝑎𝑛𝑑 𝑁 are any matrices satisfying the above conditions, then 

A𝐷 = 𝑝 [C
−1 0
0 0

] p−1. 

Example:  Let A =[
3 −3
0 0

]  ,     𝐼𝑛𝑑(𝐴) = 1 

𝑝 = [
9 1
0 1

] ,     p−1 = [
1

9
−

1

9
0 1

],       p−1pp−1  = [
3 0
0 0

] = [
𝐶 0
0 𝑁

] 

A𝐷 = [
9 1
0 1

] [
1

3
0

0 0

] [
1

9
−

1

9
0 1

]  = [
1

3
−

1

3
0 0

].   

Theorem4. [2] If A ∈ ℂ𝑚×𝑛,  then there exists B  ∈ ℂ𝑚×𝑟,  C  ∈ ℂ𝑟×𝑛 such that A = BC and  r 

= rank(A) = rank(B) = rank(C), then 

A𝐷 = (𝐵𝐶)𝐷 = C∗(CC∗)−1(B∗B)−1B∗. 

Lemma if 𝐴1, 𝐴2, 𝐴3, 𝑎𝑛𝑑 𝐴4 are matrices such that 𝐴1 is square and non-singular and rank 

(𝐴1) = rank([
𝐴1 𝐴2

𝐴3 𝐴4
]),  then 

𝐴4 = 𝐴3𝐴1
−1𝐴2. 

Furthermore, if P = 𝐴3𝐴1
−1  and Q = 𝐴1

−1𝐴2 then 

[
𝐴1 𝐴2

𝐴3 𝐴4
] = [

𝐼
𝑃
] 𝐴1 [𝐼 𝑄] 

Theorem5. [3] Let H = [
𝐴1 𝐴2

𝐴3 𝐴4
]  ∈ ℂ𝑛×𝑛, 

Be an EP matrix where  𝐴1, 𝐴2, 𝐴3 and 𝐴4 are matrices such that 𝐴1 is square and non-

singular and rank(A1) = rank(H),  𝐴4 = 𝐴3 𝐴1
−1𝐴2 . If P and Q are any matrices such 

that. 
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[
𝐴1 𝐴2

𝐴3 𝐴4
] = [

𝐼
𝑃
] 𝐴1 [𝐼 𝑄], 

Then 

[
𝐴1 𝐴2

𝐴3 𝐴4
]
𝐷

= [
𝐼
𝑄∗] ([I+𝑃∗𝑃]𝐴1[I + Q 𝑄∗])−1[𝐼 𝑃∗] 

 Proof:  Let  𝐴1  ∈ ℂ𝑛×𝑛,  B = [
𝐼𝑛
𝑃

] 𝐴1,   C = [𝐼𝑛 𝑄]. 

Note that rank(B) = rank(C) = rank(A1) = rank(H) = n = number of columns of B = number of 

rows of C. Thus we can apply Theorem4 to get 

H𝐷 = (𝐵𝐶)𝐷 = C∗(CC∗)−1(B∗B)−1B∗. 

Since 

(B∗B)−1B∗ = [𝐴1
∗(𝐼 + 𝑃∗𝑃)𝐴1]

−1𝐴1
∗[𝐼 𝑃∗] 

            =𝐴1
−1(𝐼 + 𝑃∗𝑃)−1 [𝐼 𝑃∗],  

And 

C∗(CC∗)−1 = [
𝐼
𝑄∗] (𝐼 + 𝑄𝑄∗)−1, 

Then HD is obtained. 

Example:  Let  H = [

−1 0
 0 −1

  
0 0

−1 0
0 −1
0  0

−1 0
0 0

] = [
𝐴1 𝐴2

𝐴3 𝐴4
]  ∈ ℂ4×4 be an EP matrix, where 

𝐴1 = [
−1 0
0 −1

] ,   𝐴2 = [
0 0

−1 0
] ,  𝐴3 = [

0 −1
0 0

] , 𝐴4 = [
−1 0
0 0

]. 

Note that 𝐴1 is square and non-singular, and rank (𝐴1) = rank(H) = 2.  we see that 

A4 = A3 A1
−1A2 ,  where A1

−1 = A1, 

P = 𝐴3 𝐴1
−1 = [

0 1
0 0

] ,  Q = 𝐴1
−1𝐴2 = [

0 0
1 0

] , 

 H = [

1 0
0 1
0 1
0 0

] [
−1 0
0 −1

] [
1 0
0 1

0 0
1 0

]. 

HD = [

1 0
0 1
0 1
0 0

] ( [
1 0
0 0

] [
−1 0
0 −1

] [
1 0
0 2

])
−1

[
1 0
0 1

0 0
1 0

] 
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       = [

1 0
0 1
0 1
0 0

] [
−1 0
0 0

] [
1 0
0 1

0 0
1 0

] 

        = [

−1 0
  0 0

0 0
0 0

   
0 0
0 0

0 0
0 0

]. 

Theorem6. [2] Let   H = [
𝐴1 𝐴2

𝐴3 𝐴4
]  ∈ ℂ𝑛×𝑛 

Where 𝐴1 is square and singular whit rank (𝐴1) =rank(H) =1, Tr(H) ≠ 0, then       

𝐻𝐷= 
1

[𝑇𝑟(𝐴1)+𝑇𝑟(𝐴4)]2
 H. 

Example.  Let   

H = [

2  −2
−2  2

0  2
0  2

1  −1
−4  4

  
0 −1
0 4

] = [
𝐴1 𝐴2

𝐴3 𝐴4
] ∈ ℂ4×4 

were 

𝐴1 = [
2 −2

−2 2
] , 𝐴2 = [

0 2
0 2

] , 𝐴3 = [
1 −1

−4 4
] , 𝐴4 = [

0 −1
0 4

]. 

Note that 𝐴1 is square and singular, and rank (𝐴1) = rank(H) =1, Tr(H)=2+2+4 = 8≠ 0,  then 

𝐻𝐷= 
1

[𝑇𝑟(𝐴1)+𝑇𝑟(𝐴4)]2
 H 

                        = 
1

[4+4]2
 [

2  −2
−2  2

0  2
0  2

1  −1
−4  4

  
0 −1
0 4

] 

             =
1

64
 [

2  −2
−2  2

0  2
0  2

1  −1
−4  4

  
0 −1
0 4

] . 

Theorem7. [2] Let 𝐵 ∈ ℂ𝑛×𝑛 is B = [
𝐴1 𝐴2

0 𝐴3
],  Where 

A1 = [

𝑎11 𝑎12

𝑎21 𝑎22… …
𝑎𝑛1 𝑎𝑛2

   

… 𝑎1𝑛

… 𝑎2𝑛… …
… 𝑎𝑛𝑛

] ,  A3 = [

𝑏11 𝑏12

𝑏21 𝑏22… …
𝑏𝑛1 𝑏𝑛2

   

… 𝑏1𝑛

… 𝑏2𝑛… …
… 𝑏𝑛𝑛

] , 

are square and singular with rank (𝐴1) = rank (𝐴3) = 1, Tr (𝐴1)≠ 0  and Tr (𝐴3)≠0, Ind (𝐴1) 

= 𝑙1   and Ind (𝐴3) = 𝑙2  ,  then 
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 𝐵𝐷=[
𝐴1

𝐷 𝑌

0 𝐴3
𝐷], 

were 

𝐴1
𝐷= 

1

(𝑇𝑟(𝐴1))2
 𝐴1,      𝐴3

𝐷= 
1

(𝑇𝑟(𝐴3))2
 𝐴3, 

Y=(𝐴1
𝐷)2[∑ [(𝐴1

𝐷)𝑖𝐴2𝐴3
𝑖 ]𝑛

𝑖=1 ](−𝐾2) + (−𝐾1)[∑ [𝐴1
𝑖 𝐴2(𝐴3

𝐷)𝑖]𝑛
𝑖=0 ](𝐴3

𝐷)2 − 𝐴1
𝐷𝐴2𝐴3

𝐷            =

(𝐴1
𝐷)2[∑ [(𝐴1

𝐷)𝑖𝐴2𝐴3
𝑖 ]

𝑙2−1
𝑖=1 ](−𝐾2) + (−𝐾1)[∑ [𝐴1

𝑖 𝐴2(𝐴3
𝐷)𝑖]

𝑙1−1
𝑖=0 ](𝐴3

𝐷)2 − 𝐴1
𝐷𝐴2𝐴3

𝐷 

Were 

          K1= 

[
 
 
 
 
 
  

−(Tr(A1)−a11)

Tr(A1)

a12

Tr(A1)

a21

Tr(A1)

−(Tr(A1)−a22)

Tr(A1)

  

… …
an1

Tr(A1)
                

an2

Tr(A1)
  

…         
a1n

Tr(A1)

…         
a2n

Tr(A1)

      

… …

…  
−(Tr(A1)−ann)

Tr(A1) ]
 
 
 
 

 , and 

K2= 

[
 
 
 
 
 
  

−(Tr(A3)−a11)

Tr(A3)

a12

Tr(A3)

a21

Tr(A3)

−(Tr(A3)−a22)

Tr(A3)

  

… …
an1

Tr(A3)
                

an2

Tr(A3)
  

…         
a1n

Tr(A3)

…         
a2n

Tr(A3)

      

… …

…  
−(Tr(A3)−ann)

Tr(A3) ]
 
 
 
 

 

Corollary1.   Let B ∈ ℂn×n  is B = [
A3 0
A2 A1

],  Where A1,  A3 are singular square with 

rank(A1) = rank(A3) = 1, Tr(A1) ≠0 and  Tr(A3)≠0,  Ind(A1) = l1   and  Ind(A3) = l2   

,  then 

 BD=[
A3

D 0

Y A1
D]. 

Corollary2.   Let Bi ∈ ℂn×n Where   A1 is singular square 

B1= [
A1 A2

0 0
] , B2= [

A1 0
A2 0

] , B3= [
0 0
A2 A1

] , B4= [
0 A2

0 A1
] 

 Then 

 B1
D = [A1

D Y1

0 0
] , B = [

A1
D 0

Y2 0
] , B3

D = [
0 0
Y3 A1

D] , B4
D = [

0 Y4

0 A1
D] 

Were  

 A1
D = 

1

[Tr(A1)]2
 A1,                     Y1 = (

1

[ Tr(A1)]4
 A1

2) A2,                  Y2= A2 (
1

[ Tr(A1)]4
 A1

2),   

 Y3= (
1

[ Tr(A1)]4
 A1

2) A2,         Y4= A2 (
1

[ Tr(A1)]4
 A1

2). 
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Corollary3.   Let B ∈ ℂn×n,  is B = [
A1 A2

A3 0
],  Where A1is singular and square with rank 

(A1) = rank (B) = 1, Tr (A1) ≠ 0 then 

BD= 
1

[Tr(A1)]2
 B. 

 

CONCLUDING REMARKES 

It is our hope that this paper will be useful for further study of the Drazin inverse and its 

applications. For example.  will be useful for further study of solving a class of second-order 

singular differential equations. 
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