
   

 
sjst.scst.edu.ly 

Surman Journal for Science and Technology 
ISSN: Online (2790-5721) - Print (2790-5713) 

 مجلة صرمان للعلوم والتقنية
Vol 8, No.1. Jan. – May. 2026 

Pages:  001 ~ 009 
 

        Vol 8, No.1, Jan. - May. 2026 | OPEN ACCESS - Creative Commons CC         
1 
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𝐈𝐦𝐚𝐝 𝐎𝐦𝐚𝐫𝐚 𝐒𝐡𝐞𝐛𝐚𝐧𝐢 𝐄𝐭𝐨𝐦𝐢𝟏 , 𝐙𝐚𝐤𝐚𝐫𝐢𝐲𝐚 𝐀𝐥𝐢 𝐒𝐚𝐞𝐢𝐝𝟐 , 𝐀𝐦𝐧𝐧𝐚𝐡 𝐀𝐥𝐢 𝐀𝐥𝐠𝐦𝐚𝐭𝐢𝟑, 

 𝐀𝐥𝐦𝐚𝐛𝐫𝐨𝐮𝐤 𝐨𝐦𝐢𝐫 𝐃𝐚𝐫𝐛𝐢𝟒 , 𝐀𝐦𝐞𝐝 𝐀𝐛𝐝𝐮𝐥𝐬𝐚𝐥𝐚𝐦 𝐊𝐚𝐤𝐚𝐡𝟓 

 

Surman College of Science and Technology- Surman, Libya 

 
𝑖𝑚𝑎𝑑_𝑒𝑡𝑜𝑚𝑖@𝑠𝑐𝑠𝑡. 𝑒𝑑𝑢. 𝑙𝑦∗1 , 𝑧𝑎𝑘𝑎𝑟𝑖𝑦𝑎@𝑠𝑐𝑠𝑡. 𝑒𝑑𝑢. 𝑙𝑦2 , 𝑎𝑚𝑛𝑛𝑎ℎ_𝑎𝑙𝑔𝑚𝑎𝑡𝑖@𝑠𝑐𝑠𝑡. 𝑒𝑑𝑢. 𝑙𝑦3 

, 𝑎𝑙𝑚𝑎𝑏𝑟𝑜𝑢𝑘_𝑑𝑎𝑟𝑏𝑖@𝑠𝑐𝑠𝑡. 𝑒𝑑𝑢. 𝑙𝑦4 , 𝑎ℎ𝑚𝑒𝑑_𝑘𝑎𝑘𝑎ℎ@𝑠𝑐𝑠𝑡. 𝑒𝑑𝑢. 𝑙𝑦5  

 

 خلاصةال
ليكون   (r) تتناول هذه الورقة البحثية المبادئ الأساسية لدراسة حل مشكلتين هما حل مسألة "نظرية وتصميم النظام الخطي" وضبط المرجع

لى  سلسلة من الخطوات بالتناوب خلال فترة زمنية كافية لتحقيق حالة الاستقرار. أما المسألة الثانية  فتتمثل في دراسة البندول المقلوب ع

لمحاكاة النظام باستخدام المعادلات غير الخطية الأصلية "نظام الحلقة   MATLAB عربة واختيار قيم مناسبة لمعاملات النظام باستخدام  

 المفتوحة". 

Abstract: 

This research paper addresses the basic principles of studying the solution of two problems: solving the 

problem of "linear system theory and design" and setting the reference (r) to be a series of alternating steps 

with a sufficient time interval to achieve a steady state, and the second problem is studying an inverted 

pendulum on a cart and choosing appropriate values for the system parameters. MATLAB is used to 

simulate the system using the original nonlinear equations (Open-loop system). 
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1. Introduction 

The basic principles of this paper about two problems. The first problem is to solve problem “Linear System 

theory and Design” and set the reference (r) to be train of steps alternating between -4 and 4 with a period 

is chosen long enough that the steady state can take place (Neishtadt, 1982). Moreover, to show what 

happens when the selected period is decreased (Sussmann and Liu et al., 1994). The system is simulated 

with a feedback controller, and the plot reference and output are plotted in the same plot to demonstrate 

tracking (Arnol'd, V.I, 1989). 

The second problem is to consider the inverted pendulum on a cart and choose reasonable values for the 

system’s parameters and using MATLAB (Bailliieul and Lehmam, 1996) to simulate the system using the 

original nonlinear equations “Open loop system” and then using the linearized model of the system to 

design a state-feedback controller that balances the pendulum and regulates the cart’s position to zero 

(Bogoliubov and Mitropolsky et al., 1961). 

 

2. Background 

We have the continuous- time state equation and we will track asymptotically any step reference input:  

  

X ̇ = [
1 1 −2
0 1 1
0 0 1

]  X + [
1
0
1
]  u            and               y =  [2 0 0] X           − − −→ (1) 
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In this problem, we have to find the feed forward gain ( ρ ) and the state feedback gain (k) so that the 

resulting system has eigenvalues ( -2) and ( −1 ± j1 ) and will track asymptotically any step reference 

input. 

 

3. Compute the state feedback gain By Calculation: 

 

∆(λ) = [
λ − 1 −1 2

0 λ − 1 −1
0 0 λ − 1

] =   (λ − 1)3 = λ3 − 3λ2 + 3λ − 1      − − −→ (2) 

 

 So,   α1 = −3 , α2 = 3, α3 = −1  
 

 

∆f(λ) = (λ − P1)(λ − P2)(λ − P3)                                − − −→ (3) 

∆f(λ) = (λ + 2)(λ + 1 + j)(λ + 1 − j) 

            =  λ3 + 4λ2 + 6λ + 4 

 

 So,   α̅1 = 4 , α̅2 = 6, α̅3 =  4                                 − − −→ (4) 

 

k̅ = [4 − (−1)         6 − 3         4 − (−3)] 
    = [5 3 7] 

 

AB = [
1 1 −2
0 1 1
0 0 1

] [
1
0
1
] = [

−1
  1
 1

] 

 

A2 = [
1 1 −2
0 1 1
0 0 1

] [
1 1 −2
0 1 1
0 0 1

] = [
1 2 −3
0 1  2
0 0  1

]         ,        A2B = [
−2
  2
 1

]                − − −→ (5)    

 

The conrollability matrix:                             C = [B  AB   A2B] = [
1 −1 −2
0 1 2
1 1 1

] 

 

C̅−1 = [
α2 α1 1
α1 1 0
1 0 0

] =  [
3 −3 1

−3 1 0
1 0 0

]       ,       P−1 = CC̅−1 = [
4 −4 1

−1 1 0
1 −2 1

]       − − −→ (6) 

 

P = [
1 2 −1
1 3 −1
1 4 0

]  , now we can find the feedback gain as: 

 

k = k̅P = [5 3 7] [
1 2 −1
1 3 −1
1 4 0

] = [15 47 −8]                     − − −→ (7) 

 

In order to find the feed forward gain, we have to compute the transfer function from ( r ) to ( y ): 
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ĝf(s) =
ŷ(s)

r̂(s)
=  ρ

β1sn−1+β2sn−2+β3

sn+α̅1sn−1+α̅2sn−2+α̅3
             − − −→ (8) 

 

𝐶̅ = 𝐶𝑃−1 = [2 0 0] [
4 −4 1

−1 1 0
1 −2 1

] = [8 −8 2] = [𝛽3  𝛽2  𝛽1] 

 

∴   𝑔𝑓(𝑠) = 𝑝.
2𝑠2 − 8𝑠 + 8

𝑠3 + 4𝑠2 + 6𝑠 + 4
 

𝑔𝑓(0) = 1 = 𝑝.
8

4
 

 

∴ 𝑇ℎ𝑒 𝑓𝑒𝑒𝑑 𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑔𝑎𝑖𝑛               𝑝 =
4

8
= 0.5 

 

we can find the transfer function by using Simulation to simulate our system as: 

 

 
Figure 1. using Simulation to simulate our system 

 

In order to plot the relationship between the reference and the output in the same figure to show the 

tracking between them, we used the next command: 

 
Figure 2. the reference (r) and output (x_1) with 0.08 frequency 
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Figure 3. the reference (r)and output (x_2) with 0.08 frequency 

 

 
Figure 4. the reference (r) and output (x_3) with 0.08 frequency 

 

 
Figure 5. the reference (r) and output (x_1) with 0.8 frequency 
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Figure 6. the reference (r) and output (x_2) with 0.8 frequency 

 

 
Figure 7. the reference (r) and output (x_3) with 0.8 frequency 

 

From the figures above, it is very clear that the period is decreased by increasing the frequency. Also, the 

system has become more fluctuating (Weibel and Kaper, 1995) because of the decreasing of period (Levi 

and Weckesser, 1995). The system’s output clearly tracking the input, but also does not reach the amplitude 

of the input (Fontich and Simo, 1990). 

 

4. Pendulum on a cart  

For choose reasonable values for the system’s parameters and using MATLAB to simulate the system using 

the original nonlinear equations “Open loop system” (Melnikov et al, 1963) and then using the linearized 

model of the system to design a state-feedback controller that balances the pendulum and regulates the 

cart’s position to zero (Leonard and Krishnaprasad, 1995). 
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Figure 8. Pendulum on a cart 

 

Frist, we have to work on the first case (1) to come up with the state form: 

 

(𝑀 + 𝑚)𝑦 ̈ − 𝑚 𝑙 𝑠𝑖𝑛𝜃 𝜃̇2 + 𝑚 𝑙 𝑐𝑜𝑠𝜃 𝜃 ̈ = 𝐹                    − −−→ (9) 

  𝑚 𝑦 ̈ 𝑐𝑜𝑠𝜃 + 𝑚 𝑙 𝜃 ̈ = 𝑚 𝑔 𝑠𝑖𝑛𝜃                                           − −−→ (10) 

 

The second case (2) 

 

𝑚 𝑙 𝜃 ̈ = 𝑚 𝑔 𝑠𝑖𝑛𝜃 − 𝑚 𝑦 ̈ 𝑐𝑜𝑠𝜃 

 

Putting this into equation (1) 

 

(𝑀 + 𝑚)𝑦 ̈ − 𝑚 𝑙 𝑠𝑖𝑛𝜃 𝜃̇2 + 𝑚 𝑔 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 − 𝑚 𝑦 ̈  𝑐𝑜𝑠2𝜃 = 𝐹 

(𝑀 + 𝑚 − 𝑚  𝑐𝑜𝑠2𝜃)𝑦 ̈ = 𝐹 + 𝑚 𝑙 𝑠𝑖𝑛𝜃 𝜃̇2 + 𝑚 𝑔 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃         − −−→ (11)   

 

The second case (2) 

                                                   𝑦 ̈ =  
 𝑔 𝑠𝑖𝑛𝜃 − 𝑙 𝜃 ̈

𝑐𝑜𝑠𝜃
 

 

Putting this into the first case (1) 

 

(𝑚 𝑙 𝑐𝑜𝑠2𝜃 − (𝑀 + 𝑚)𝑙)𝜃̈ = 𝐹 𝑐𝑜𝑠𝜃 − (𝑀 + 𝑚) 𝑔 𝑠𝑖𝑛𝜃 + 𝑚 𝑙 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 𝜃̇2        − −−→ (12) 

 

 

From The third case (3) and the fourth case (4) we have the following: 

 

𝑦 ̈ =  
𝐹 + 𝑚 𝑙 𝑠𝑖𝑛𝜃 𝜃̇2 + 𝑚 𝑔 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃

(𝑀 + 𝑚 − 𝑚  𝑐𝑜𝑠2𝜃)
                                         − −−→ (13)   

 

𝜃 ̈ =   
𝐹 𝑐𝑜𝑠𝜃 − (𝑀 + 𝑚) 𝑔 𝑠𝑖𝑛𝜃 + 𝑚 𝑙 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 𝜃̇2

𝑚 𝑙 𝑐𝑜𝑠2𝜃 − (𝑀 + 𝑚)𝑙
                        − −−→ (14)  

 

We can come up with the state form above as: 

 

  𝐿𝑒𝑡         𝑥1 = 𝜃                       𝑥2 = 𝜃̇ = 𝑥̇1                        𝑥3 = 𝑦                     𝑥4 = 𝑦̇ = 𝑥̇3 
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[

𝑥̇1

𝑥̇2

𝑥̇3

𝑥̇4

] = [

𝜃̇
𝜃̈
𝑦̇
𝑦̈

] =

[
 
 
 
 
 

 𝑥2

𝐹 𝑐𝑜𝑠𝑥1 − (𝑀 + 𝑚) 𝑔 𝑠𝑖𝑛𝑥1  + 𝑚 𝑙 𝑐𝑜𝑠𝑥1 𝑠𝑖𝑛𝑥1 𝑥2
2

𝑚 𝑙 𝑐𝑜𝑠2𝑥1 − (𝑀 + 𝑚)𝑙
 

𝑥4

𝐹 + 𝑚 𝑙 𝑠𝑖𝑛𝑥1 𝑥2
2 + 𝑚 𝑔 𝑐𝑜𝑠𝑥1 𝑠𝑖𝑛𝑥1

(𝑀 + 𝑚 − 𝑚  𝑐𝑜𝑠2𝑥1) ]
 
 
 
 
 

 

 

When the actuating force is set to F=0, then: 

 

[

𝑥̇1

𝑥̇2

𝑥̇3

𝑥̇4

] = [

𝜃̇
𝜃̈
𝑦̇
𝑦̈

] =

[
 
 
 
 
 

 𝑥2

−(𝑀 + 𝑚) 𝑔 𝑠𝑖𝑛𝑥1  + 𝑚 𝑙 𝑐𝑜𝑠𝑥1 𝑠𝑖𝑛𝑥1 𝑥2
2

𝑚 l cos2x1 − (M + m)l
 

x4

m l sinx1 x2
2 + m g cosx1 sinx1

(M + m − m  cos2x1) ]
 
 
 
 
 

 

 

 

5. OPEN-LOOP- SYSTEM SIMULATION: 

 

Then we plotted the four states versus the time as following: 

 
Figure 9. shown Open-Loop- system 

 

 
Figure 10. shown the four states versus the time 
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In this part, we have to design state Feedback controller that balances the pendulum and regulates the cart’s 

position to zero and we can use the linearized model that we found. 

 

ÿ  =   
1

M
F −

mg

M
x1                                        − −−→ (14) 

θ̈  =  
(M + m)g

l M
x1 −

1

lM
F                          − −−→ (15) 

 

Let   x1 = θ                       x2 = θ̇ = ẋ1                        x3 = y                     x4 = ẏ = ẋ3 

 

So, the state form: 

[

ẋ1

ẋ2

ẋ3

ẋ4

] = [

θ̇
θ̈
ẏ
ÿ

] =

[
 
 
 
 
 

0
(M + m)g

l M
0

−
mg

M

1
0
0
0

0
0
0
0

0
0
1
0
]
 
 
 
 
 

[

x1

x2
x3

x4

] +

[
 
 
 
 
 

0

−
1

lM
0
1

M ]
 
 
 
 
 

F 

 

y =  [0 0 1 0]x 

 

Also, in this part we plotted the four states versus the time as following: 

 
Figure 11. shown the four states versus the time 

Results: 
From continuous- time state equation and we will track asymptotically any step reference input the system 

has become more fluctuating because of the decreasing of period and the system’s output clearly tracking 

the input, but also does not reach the amplitude of the input .And, By using (MATLAB) to simulate the 

system using the original nonlinear and then using the linearized model of the system to design a state-

feedback controller that balances the pendulum and regulates the cart’s position to zero. 

 

Conclusion 
According to the results we got from this paper the focus here was on state feedback and the simulation of 

the system once the controller parameters had been determined, and the inverted pendulum is relatively 

easy to visualize. Moreover, consider the inverted pendulum on a cart and choose reasonable values for the 

system’s parameters and using (MATLAB) to simulate the system using the original nonlinear equations 
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(Open loop system) and then using the linearized model of the system to design a state-feedback controller 

that balances the pendulum and regulates the cart’s position to zero. 
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