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Abstract

The main goal of this paper, present the concepts of rough BO/BH/Z- Algebra as extended of the
concept of BO/BH/Z-algebra respectively. The other goal is to consider the (strong) set-valued mapping in
these algebraic structures. The concept of a (strong) set-valued BO/BH/Z-morphism in BO/BH/Z algebras
is investigated with several properties. Using the concept of generalized approximation space and ideal of
BO/BH/Z-algebra, we consider another type of generalized lower and upper approximations based on the
ideal. In addition, some properties are studied.
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1. Introduction

TheRough set theory was present by Pawlak [1] in 1982. It is a good tool for modeling and
processing incomplete information in the information system. The concepts of rough set theory
build of lower and upper approximations. J. Neggers and H. S. Kim [2] introduce the concept of
B-algebras. In[3], Young. B J. and el. consider the fuzzification of (normal) B-subalgebras in B-
algebras. In[4] Chang Bum Kim and Hee Sik Kim introduce the notion of a BO-algebra. Y. B.
Junand et[5] introduced the concept of a BH-algebra. The Z-algebra present by M.
Chandramouleeswaran And Et.in[6].The main purpose of this paper is to introduce rough
BO/BH/Z-algebra as extended of the concept of BO-algebra (BH-algebra ) respectively Moreover,
we introduce some properties of approximations and these algebraic structures.
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2. Preliminaries
We start by giving some definitions and results about rough sets.

Suppose that R is an equivalence relation on a universe set (nonempty finite set) U. The pair (U,R)
is denoted to the approximation space. The notation U/R is denoted as the family of all equivalent
classes[a]R. The empty set is &, the elements of U/R are called elementary sets, and Ac is a
complementation of A For any A c U.

Definition 2.1: Let (U, R) be an approximation space. Define the upper approximation of A is
RA = {a € U:[a]g N A # @} and the lower approximation of AisRA = {a € U:[a]g S A} the
boundary is BAg = RA—RA . If BAR = @, then A is the exact (crisp) set, and if BA, = @, X is
a rough set ( inexact).

Preposition 2-1: Suppose that (U, R) is an approximation space. Let A,BcU, then:

1) RAC ACRA,

2) RY =R0,RU =RU,

3) R(AUB) 2 R(4) UR(B),
4) R(ANB) = R(4) NR(B),
5) RAUB) = R(A) UR(B).
6) R(ANB) S R(A) NR(B).
7) RAC = (RA)"

8) RA® = (RA)".

9) R(RA) =R(RA) = RA.

10) (R(RA) = R(RA) = R4.
11)RA RB=RAB.
12) RA RBc RAB.

The concept of BO/ BH/Z-algebra with examples are discussed in this portion.

Definition 2.2: Let X be a non-empty set with binary process *, 0eX is B-algebra if V x, y, ze X
sitsifies:

Cl:x*x = 0.

C2:x*0 = «x.

C3:(x*xy)*xz = x*x(z* (0% y)).
where 0 is called zero element.
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Remark 2.1. The element e€X is called right-identity if x*e =x and left identity if e*x=x for every
xeX and x=e. e is called the identity if x*e =x and e*x=x for every xeX. Then (X,*) is called B-
algebra containing identity.

Example 2.1. Suppose that X = {0,1,2 e}. Define the binary operation on X as shown in the
following table 1

* 0 1 2 e

0 0 1 2 e

1 1 0 e 2

2 2 e 0 1

e e 2 1 0
Table 1

Table 1 shows that the (X, *) is B-algebra with the identity element.

Definition 2.3. Let X be a non-empty set with binary process *, 0eX is BH-algebra if V X, y, ze
X sitsifies:

(C1), (C2), and
(C4) Foranyx,y e X,x x y =y xx = 0=x = y.

Definition 2.4 Let X be a non-empty set with binary process *, 0eX is BO-algebra if V x, y, ze
X sitsifies:

(C1), (C2) and
Co:xx(y*xz)=(x*y) * (0 *2)foranyx,y,z € X.
Example 2.2: Suppose that X={ 0,1,2,3,4} and the following table 2 of = :

* 0 1 2 3 4

0 0 2 1 4 3

1 1 0 3 2 4

2 2 4 0 3 1

3 3 1 4 0 2

4 4 3 2 1 0
Table 2

Table 2 shows that the (X,*,0) is BO-algebra.

Example 2.3. Suppose that X={ 0,1,2 ,3} and the following table 3 of *
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* 0 1 2 3

0 0 1 0 0

1 1 0 0 0

2 2 2 0 3

3 3 3 3 0
Table 3

Table 3 shows that the (X,*,0) is a BH-algebra.

Definition 2.4. Suppose (I#p) < BH/Z)-algebra. | is called a BH/Z-ideal of X respectivtly if it
satisfies the following conditions:

Doel,
@ x*xy)el,y e l=>x €l,Vx,y,z €X.
B)(x*xy)xze I,y € I=>x*xz €1,Vx,y,z € X, then | called strong Ideal of X.

Definition 2.5[6]. Let X be a non-empty set with binary process *, 0e X is Z-algebra if V X, y, ze
X sitsifies(C1-C2) and

Cox * x = x
Cliix xy =y * x,whenx #0andy # 0,Vx,y € X.
Example 2.4. Suppose that X={ 0,1,2,3 } and the following table 4 of *

* 0 1 2 3

0 0 1 2 3

1 1 0 0 1

2 0 0 2 2

3 0 1 2 3
Table 4

Table 4 shows that the (X,*,0) is a Z-algebra. If 1 = {0, 1, 2}, then it is is a Z-ideal of X.
3. Main Result

Definition 3.1: Suppose that ~ be an equivalence relation on a set X=(X,*,0). If x € X, defined
[x]~ the ~class of x s follows: [x]~ = {y € X| (X, y) € ~}.The equivalence relation ~ on Xis called
a congruence relation if

(Vx, v,z € X)((x,y) E~= (x*y,y*z) € ~(z* x,Zz* y) € ~).

Vol. 4 No. 1, May 2022 | OPEN ACCESS - Creative Commons CC andn & .0
18



an Surman Journal of Science and Technology duiilly pglall Olopo Aoxo
) . . Vol. (4), No.(1), May 2022
sjst.scst.edu.ly ISSN: Online (2790-5721) - Print (2790-5713) Pages: 015 ~ 021

Definition 3.2. Suppose that A and B two non-empty subsets of X, we denote AB = A*B =
{fa *bla € Aand b € B}. Let ~ be an equivalence relation on X. Then (Vx,y €

X ([x]~yl~ < [x * y]~).

If Y € P(X), we define the upper approximation of Y by +[Y]~ = {x € X | [x]~ € Y} and the
lower approximation of Y is-[Y]~ = {x € X |[x]~n Y % @}. The pair (X, ~) is called an
approximation space.

Note that, +[Y] ~ and —[Y]~ are subsets of X.

If Y =X, then Y is said to be definable if +[Y] ~=—[Y]~ and rough otherwise.

Suppose that | be a BO/BH-ideal of X. Define a relation ~on X by (x, y) € ~ifand only if x* y €
| and y*x € 1.

Definition 3.3. Suppose that (X, ~) is an approximation space, a pair (11, 12) € P(X) x P(X) is
called a rough set in (X,~) if and only if (11, 12) = Apr(X) for some X € P(X).

Example 3.1: consider example 2.2. Let Y = {0, 1} be a BO-ideal of X. Suppose that ~ is an
equivalence relation on X related to Y.

So, YO=Y1=Y,Y2={2} Y3={3}, and Y4 = {4}. Hence, -[Y, {0,1}] = {0, 1}, -[Y, {0,2}] =
{2}, -[Y, {0,3}]= {3}, and -[Y, {0,1,2,3}] = {0, 1, 2,3}. However, +[Y, {0,1}] = {0, 1}.+[Y,
{0}1=40, 1}, + [Y, {2}]1 = {0, 2} , + [V, {1,2,3}] ={0,1, 2, 3} , + [Y, {0,2,3}] = {0, 1, 2, 3}, + [,
{1,2,3,4}] = {0, 1, 2,3, 4}.

Here, there exists a non-BO-ideal Y of X such that their lower and upper approximation are BO-
ideals of X.

Proposition 3.1. Let X be a Bo(BH)-algebra and A, B two subsets of X. Let ~ be an equlivence
relations on X. Then the following hold:

1) -[A]~ € A c +[A]~,
2) +[AU B]~ = +[A]~ U +[B]~,
3) -[AnB]~ = —[A]~ n —[B]
4) If A € B,then-[A]~ C
5 -[A]~v —[B]~ € —[AUB]~,
6) +[ANB]~ S +[A]~N+

Proof. Straightforward.

Let X be a BH-algebraand let = A, B € X. Define A« B :={axbla€ A, beB}.
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Proposition 3.2.[7]. Suppose that X is BH-algebra. Let ~ be a congruence relation on X. Suppose
that A, B are two non-subsets of X. Then

1) +[A]~* +[B]~ € +[A * B]~
2) If -[A* B] # ¢, then -[A]~* —[B]~ S —[A * B] ~.

Proof.
Assum that x e+[A]~*+[B] ~. Then x = axb for some a € +[A]~ and b €+[B].

Then, we have y, z € X such that ye[a]~NA and z€[b]~NB. Hence y€[a]~, z€ [z] ~, yEA and
z€eB. Since ~ is a congruence relation on X, y*z € [a]~*[b]~= [a * b]p. Since y*z € A * B, we
have x = a x b e+[Ax*B].

Suppose that xe—[A]~*—[B]~. Then x = axb for some a € —-[A]~ and be—[B]~. Thus we have
[a]~S A and [b]~< B. [a* b]~ = [a]~*[b]~ S A * B because ~ is a congruence relation on X. Then,
X =axb € —[A *B] ~.

Proposition 3.3. Suppose that X is BO/Z-algebra. Let ~ be a congruence relation on X. Suppose
that A, B are two non-subsets of X. Then

1) +[A]~*+[B]~ S +[A * B]~.
2) If -[A * B] # ¢, then - [A]~* —[B]~ S —[A * B] ~.

Proof the same strategy in Proposition 3.2.

Definition 3.4. Let X and Y be non-empty universes and consider the mapping F : X — P(Y). we
say F is a set-valued mapping and (X, Y, F) is a generalized approximation space. Define F :
X - P(Y)as~F := {(x,y) € X X Y|y € F(x)and forany subset A of Y , the generalized
lower and upper approximations, F-(A) and F+(A), are defined by F_.(4) = {x € X|F(x) <
Aland F.(A) = {x € X |F(x) n A # @}. We say that the pair F-(A),F+(A) is a generalized
rough set.

Definition 3.5. Suppose that F : X —P(Y) is A set-valued mapping. We called F is a set-valued
BO/ BH/Z-morphism if it satisfies :(Vx,y € X) (F(x) * F(y) € F(x*y)). A set-valued
mapping t : X — P(Y) is called a strong set-valued BO/BH/Z Imorphism if it satisfies: (Vx,y €
X)(F(x) * F(y) = F(x = y)).
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4. Conclusion

This paper presents the new concepts of rough BO/BH/Z- Algebra as extended of the concept of
BO/BH/Z-algebra respectively. The concept of a (strong) set-valued BO/BH/Z-morphism in
BO/BH/Z algebras is investigated with several properties by Using the concept of generalized
approximation space and ideal of BO/BH/Z-algebra, some properties are studied. We are sure that
the results have some applications, so let us open the door to further finding new results in future
work.
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